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PROCEEDINGS OF THE THIRD TROPOSPHERIC
REFRACTION EFFECTS MEETING

(in Two Volumes)
VOLUME II

Analytical and Experimental Refraction Research Results
ABSTRACT

This publication covers the presentations made at the Third Tropospheric
Refraction Effects Meeting, sponsored by the Electronic Systems Division of
The Air Force Systems Command. The Meeting was held at The MITRE
Corporation on July 28, 29 and 30, 1964. The Proceedings are being published
in two volumes for ease in handling. This volume contains presentations on
certain refraction activities at the Eastern Test Range, the Electronic Systems
Division, the Pacific Missile Range, the National Bureau of Standards, Ft.
Huachuca, Ballistic Research Laboratory, M.I. T. Round Hill, Cold Lake
Canada, on new measurement techniques, and on Tropospheric and Ionospheric
Effects on Interferometer System.

The papers covering the other work on tropospheric refraction, sponsored
by the Electronic Systems Division in support of metric instrumentation on the
national missile ranges, are contained in Volume I. It also contains the
"Findings and Recommendations of the Natidnal Academy of Science 'Panel on
Tracking Data Analysis' in the Area of Tropospheric Propagation and
Refraction, ' and papers on the refractometer and humidiometer development
at the Naval Research Laboratory, the spaced refractometer program of the
Eastern Test Range, and on the Canadian tropospheric measurement activities.

While these papers are complete in themselves, many of the specific

details on the work covered in the Proceedings of the second refraction
meeting (ESD-TDR-64-103) have not been repeated.
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TROPOSPHERIC AND IONOSPHERIC

EFFECTS ON INTERFEROMETER SYSTEMS

*
S. M. Newman

INTRODUCTION

In an interferometer, the angle and angular rate are computed from the
measurement of two path lengths and their rate of change. The propagation
medium introduces errors in the determination of range and range rate. This
paper deseribes a computer program used to determine the effeets of the
propagation medium on a particular interferometer system having a baseline

[1] *%

of 10 nautical miles (n. m.) and operating at a frequency of 1280 me.
INTERFEROMETRY: GENERAL

In radio interferometry, the target ean be considered to be at an infinite

range as shown by the geometry in the upper portion of Figure 1.

The interferometer angle (o) is given by

-1 AR
o = cos B (1)
while the angular rate & is given by
. AR
S A P
“" Bsina (2)

If the effect of the propagation medium causes an error in the determina-

tion of range, then, from Equations (1) and (2), it is clear that only the

*
The MITRE Corporation, Bedford, Massachusetts.

* %
Numbers in braekets designate References at the end of this paper.
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Figure 1. Interferometer Geometry

uncorrelated portion of the range errors along the two paths will contribute to
errors in angle and angular rate. This is only true, however, when the target

is at an infinite range.

In the radar interferometry case, where the target is at a finite range,

the geometry is shown in the lower portion of Figure 1. From the law of

cosines
2 2 2
R2 = R1 +B - 2RiB cos o . (3)
Thus 9
DY e R T | "
COS®=p\2” "R, " 2R ’ )
1 1
and the angular rate is
' 2
.| RZ - B Rz .
I 1 2 4 R ==t (5)
B sin « 2 ZR% R] 2



Both &« and & are more usually expressed as functions of R1 and AR; that

is, AR-—RI—R , and

2
1 B2 AR
== “+ -
cos o B AR R s (6)
1
&y = L 1-8R 1 AR+ rR® - B°) R 7
_ B sina R 2 \ &R - L (0
1 2R

INTERFEROMETRY: PROPAGATION EFFECTS

The presence of a propagation medium with a nonunity index of refraction
complicates the picture. Qualitatively. the propagation medium introduccs
errors in the path length. The slowly varying components of the errors result
in range and rangc ratc (and thus angle and angular rate) bias errors. The

faster components introduce noiselike errors in range and range rate.

The propagation media can be divided into two shells for discussion: the
troposphere, characterized by an index of refraction greater than 1, and the
ionosphere, characterized by an index of refraction lcss than 1. The range

error introduced by the troposphere is closely approximated by

hT hT
ART ~ csec 00 S\ N (h) x 10-'6 dh +S cos [0 (h)] dh‘RO ; (8)
0 0
where
AR = error in measured range caused by tropospheric refraction,
()OT = apparent elevation angle at the radar,
f(h) = local elevation angle as a function of height,
N(h) — refractivity as a function of height,
hT = targct height, and
RO gcometric range to target.
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The first term of Equation (8) is the effect of the change in propagation
velocity, and the second term the length of the curved-ray path. The difference
between the curved-ray path length and the true range is small compared to the
first term. Therefore, the tropospheric range error is closely approximated by

by

AR, ~ csec §_ S N(h)xlo'6 dh . (9)
0

The ionosphere range error can be expressed in a similar fashion:

7
AR =l SN as (10)
I f2 e

where
f = frequency (cps),

Ne= electron density (e/cm3) .

and the integration is performed along the ray path. Thus, for targets above
the troposphere, the range error produced by the propagation medium is

approximated by

h
70 km i
7
-6 4x10
AR _ =~ csec 0 N(h) x 10 ~ dh #csec §, ————— N dh. (@11)
P 0 . I f2 e
0 70 km

The plus (+) sign is used to denote envelope delay, while the minus (-) sign is
used when phase is measured.” The elevation angle, OI , applies at the point

where the ray penetrates the ionosphere.

In order to estimate the effect of the bias errors, mean values of the

integral will be used:
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70 km

S‘ N(h) x 1078 an ~ +2.4 meters. and
0
1000 km
2al0 S‘ N dh = -12, 2 meters.
f2 e
70 km

where

hT = 1000 km, phase measured (daytime eleetron density profile).

A mathematieal model based on these expressions ean be used to determine the
angle and angular rate errors introdueced by the propagation medium. This
model, used only to generate target parameters, is deseribed in the next

seetion.

The target is assumed to be moving from site 1 at a eonstant range and
angular rate in the plane determined by the two sites and the center of the earth.
The baseline is horizontal at site 1. The geometrie range and angular rate are
input parameters. The geometrie ranges and range rates encountered in a

satellite pass eould be substituted for those generated by the model.
ERROR MODEL

The interferometer angle at site 1 is « , an input parameter. The

geometric range from site 2 is

1
® 4 (r, sina)’ ]’
R2=[(R1 cosaf—B) + Rl sin o
S
2 2\2
= (R1—2R1Beosa+B ) . (12)
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where B, the baseline length, is an input parameter. The angle, 6,

measured in parallel coordinate system at site 2 would be

R. sin o

= 0 s
g = R1 cosa -B (13)

Because of the curvature of the earth, the true elevation angle, B , at site 2

is given by
B T B
B =0+ =< -—
3440
2 3440 (14)
_ _B T__B
B=m -0 -3 %> 27 3340
The elevation angle, I' , at site 1 is
s
' = « a = 2 (15)
=T o o > 1
2

The base of the ionosphere is considered to be at a height of 35 n. m.

Thus, the elevation angle at the point of ionospheric penetration from site 1 is

-1 3440 cos T
o =088 = (16)
From site 2, the elevation angle is given by
-1 3440 cos 8
Yeg 02 3475 )
The range measured at site 1 will be
RlM = Rl + K1 csec T + K2 csecy, (18)

and the range measured at site 2 will be
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= R_+ + K .
RzM 5 K1 csec f3 1\2 csec vy, (19)

where

K1 = mean range error at vertical incidence for the tropospherc, and

K2 = mean range error at vertical incidence for thc ionosphere.

The measured range difference will be

and the angle error will be

Acv=a/M-a . (22)

The target angular rate, o . about site 1 is an input parameter. In the

model for target motion, R1 = 0; thus

. R1 B sin o
- = ]
R, = o, (23)
2
i = 1 R. cos « a_Rlsma o, 1___1_3.
cos 0 R 2 o 2 73440 °
2 R
2
1 R1 cos ) R1 sin « 7 B
= - o - — R_ |0 e BRaee (24)
cos () R 2 2 2 3440
2 R2



3440 8in T

1T 3atssiny, o)
. _ 3440 sing
Yo © 3475 v, p (26)
The measured range rate at site 1 will be
R, =- K csecTctanT' I - K, csec y | ctany )}1 ’ (27)

M

It has been assumed that K2 is a constant. This is only true for targets
above the ionosphere or for targets at a constant height. In the general case,

the expression for R1 would be

M
hT
. e 4x107 C.
R1 -K csecTctanI'T -————csecy_ ctany_ vy SN (h)dh
i 2 1 11 e
M f
0
i
4x10 ;
+ f2 csec v, Ne (hT) hT 5

where it is assumed that the electron density at the target height Ne( hT) is
constant over the time interval of the measurement. This differs in form from
Equation (25) only by the last term. The maximum value of Ne(hT> at winter
noontime is 2 x 106(e/cm3), so that for the model to be accurate to 10 ° for
angles above 10 degrees, ilT must be less than 40 meters/second (at 1280
megacycles/second). Thus, this model is restricted to targets at heights of
more than 500 nautical miles and to targets between 35 and 500 nautical miles
with altitude rates of less than 40 meters/second. The restrictions can be
removed by including the appropriate electron density profile and determining

target altitude rate.
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At the second site. the measured range rate will be

R =R_-K.c = :
0 9 hl csec  ctang3 f3 K2 csec Yy ctan 279 (28)
M
and the range difference rate measured will be
. . : (29)
AR = =
RM Rl Rz
M M
Thus. the measured angular rate will be
AR
1 M
o = . 1 -—— JAR__+ ‘<AR -B>R
2
M B sin (vM RlM M 2R1 M
M
(30)
and the angular rate error will be
Adv=0a_ -0 . (=21

M

The propagation medium also introduces noiselike errors into the

measurements. Differentiation of Equation (6) and letting dAR - de ~ R

gives

2 2

1 AR AR‘-B AR

L AR AR =B _{; - AR 52
Bema |1 R1+ 2R dRy = | R, Ry | - )

dov = -

IFrom this. the variance of « is

2 . 5\ 2 2
7 1 AR AR - B~ 2 AR 2
7 Bsina Y%t 3 ] g ' 1 5
(43 sSin « 1 2R1 1 1 2
R 12 > R
A AR - B A
- 2 o g 1 -—+ 1 -- s (33)
R.R
{1 2 Rl Rz R1 2R Rl
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where pR R is the correlation of the noise in the two range measurements.

It will be assumed that the variances of the two range measurements are equal:

2 2 2
o =0 =¢g_ . Thus,
R, 'R, 'R
2 2 2
2 2 2 2
2 | R AR AR|[ AR” - B AR” - B
% Apema ) |\ "R J TR TR 2 i 2
1 1 2R 2R
1 1
2
AR AR AR”-B
o T ke 2 PR R
1 1 2R 12
2 2
2 2 2 2
(- Zr_\[(arZ-B7) L L[, [ _AR | AR AR"- B
- R
B sin a 2R1 1R2 R1 Rl 2Rf

(34)

The noise error in angular rate is obtained from differentiating Equation (7):

. 2 2 .
di = & ctana do - ——— |[1-43 Jdar+[42=2 ) ar
B sin « R 2
1 2R
1
R_AR . . Rl (ARZ - 132>
1 AR :
+ > - £ JdaR + AR‘QR - 5 ar [ (35)
R
R 1 . R

The dR terms could be expressed as functions of the geometry for the
target motion used in the model; however, since the R's are obtained from
the coefficients of the curve fitted to the range measurements, there is a
relationship between the variance of the R's and the corresponding R's. This
relationship will be used in order to avoid restricting the equations to the target

motion of the model.
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Substitution of Equation (32) into Equation (35) and letting
dAR = de - dR2 and dAR = dﬁl - dl.i2 gives

) 2 2
. AR =
= Bome |\UR, O r ) R (1R R
1 9R 1
] S AR  ARZ-B : AR
_Bsin(v 1__15: de— 1-?{— dRZ
1 9R 1
. - 2 2
RyAR 2 ar AR - (am )
+ 5 T m. Ty 3 dy
R} R} 1 R}
* R. AR
+ %‘i- 12 aR, . (36)
1 R}

- ¥ and
2 9 R 1 3
1 R
b i |
- R. AR
oo (ar T Y
D]
By R)
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Equation (36) can be rewritten as

6 1 = . :
dy = -——Bsina[zde-de2+(n-actanaL)dR1

(37)
+ (p + & ctana m)dR2 ]

The variance of & will be

1 2 2

2
2 2 . 2 2
- = .+ . -
o . (Bsina) [JL aRl m 0R2+(n o ctana f) aRl

2 2
+ (p+tactanam) o -2imo: ©

+24(p +actana M)al-2 GRzplile

+24(n - @ ctanaf)oes o
= 1

P
1 R1 RlRl

- 2m@n - @ ctanaf)o: O p.- - 2m(p +& ctanam)o_ 0 p<
R2 Rl R2R1 RZ RZ R2R2

+2(n -octan 2 £) (p + & ctan am)o p . (38)°

ag
R1 R2 R le
In the experimental system, R and R would be obtained from the

coefficients of the curve fitted to a time sequence of range measurements.
2 2 2 '
Parameter estimation theory ~"shows that . = k GR and, furthermore,

(2]
R

that the estimates of range and range rate are uncoupled; i.e., pl.{ = 0.
R

Therefore, Equation (38) can be rewritten as
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2
2 1 \ 2.2 . 2]
R R — ey, -
o, = / [ k™ +(n - actanad) o

2.2 . 2| 2 2
+Im "k +(p+actanom) |o -2imk o_ ov_ ' p,

+2n - act + ¢ 3
(n -actan af) (P aeta.na/m)ch O’R pR R . (34
1 2 el

Once a:gaill it is assumed that O O O'R: then
1 2
f)
2 R V2.2 . 2 2 9 .
o. T Lk +(n-actan @f) +m Kk + (p Faclan o m)
o B sin «
-24m k2 + 2 ¥ ctan o + @ ctana m) 1
pRlRo (n-a ctanagd) (p anRO (1)

If it is assumed that R is determined from thec second cocefficient of a third
order polynomial, Reference [2] gives k = (2./3 //A T). Fora prf of

33-1/3 and a measurement interval of 3 seconds. k = 0. 11547,
RESULTS

The results are contained in Figures 2 through 15. Most of the data
plotted is applicable to a target at a range of 1000 nautical miles. with an

angular rate of 0.1 degree/second.

Plots of the range and range rate bias errors introduced by the propaga-
tion medium are shown in Figures 2 and 3. It is assumed that the residual
range crror after corrcction is 2 percent of the mean value for the tropospherc
and 25 pereent of the mean value for the ionosphere. This is a reflection of
the emphasis placed on determining the tropospheric effccts, not a physieal

limitation.
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The computed angle bias errors are compared in Figure 4, with those

(3]

computed by the National Bureau of Standards (NBS) for a 10-nautical mile
baseline interferometer. It can be seen that for a target range of 1000 nautical
miles, the errors computed by the program are greater than the NBS errors.
This is to be expected, since the NBS calculation assumes that the ''nearness"
term,

2 2
1 +B - AR

2R. AR ’

1

is equal to one. This is equivalent to assuming that the target range is infinite
and that the elevation angles at the two sites differ by a constant (the earth
central angle subtended by the two sites). The results obtained with the program
indicate this assumption is not valid for a range-to-baseline ratio of 100 (range
of 1000 nautical miles). For a target range of 10, 000 nautical miles, however,

the program figures agree well with the NBS data.

Figure 5 shows a plot of the total propagation angular rate bias error
magnitude, and Figure 6 contains a plot of the total propagation angle bias
error magnitude as a function of elevation angle. The mean value of the error
is greater when the elevation angle is determined by coarse range rather than
by phase measurements. This occurs because the range error caused by the
ionosphere is of the same sign as the error caused by the troposphere when
group delay rather than phase delay is measured. The magnitude of the resid-
ual error after correction is caused by the large uncertainty (25 percent)

encountered in predicting the ionospheric effects.

Figures 7 and 8 provide plots of angle and angular rate noise errors
based on phase errors of 3- and 20-degrees root-mean-square. While the
computed bias errors are believed to be reasonably accurate, the computed

noise errors are accurate only within an order of magnitude since the ratio of
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noise-to-bias error can change unpredictably. In order to estimate the
accuracy of the program, the 3-degree root-mean-square phase error was
scaled by the (1‘/f2) relationship to 53 and 108 megacycles, and compared with
measured data[4] in Figure 9. The co‘mputed data is about four times the
measured data. For a phase error of 20 degrees root-mean-square, the com-

puted data would be thirty times greater.

These results are within the expected accuracy of the program since the
phase errors represent total error measurea in the experimental system
(tropospheric, ionospheric, machine and target scintillation). The scaling
process assumed that the entire error was ionospheric and, therefore, the

resultant errors are larger than would be expected.

The contributions of the troposphere and the ionosphere to the total bias

errors are shown in Figures 10 through 15.
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ATMOSPHERIC REFRACTION STUDIES AT FORT HUACHUCA

A. V. Carlson*

The atmospheric refraction studies** are being conducted to furnish data
for the correction of tracking radar measurements of the position of various
airborne targets which may be under test on the Electronic Proving Ground

Ranges.

A typical test operation, requiring radar support, is the evaluation of an
aircraft navigation system which requires that the position of the aircraft be
accurately known, so that there is a standard for comparing the performance
of the system being tested. Since such tests usually involve drones and Army
aircraft as targets, flight altitudes are ordinarily less than 20, 000 feet. Ranges
may exceed 100 miles, however, so that radar elevation angles are often 1
degree or less and atmospheric refraction becomes an important factor. The
test engineer may require an over-all accuracy of + 25 feet in measuring the
target position, which does not provide much allowance for error in computing

refraction corrections.

The task of the meteorologist is to decide what meteorological observations
are necessary, with what frequency these observations must be taken, and at
what spacing over the test area they must be made, so that the correction
computed for atmospheric refraction is reliable within the limits of accuracy

specified by the test engineer.

* Army Electronics Research and Development Activity, Fort Huachuca, Arizona.

**This research is being performed under the Army inhouse Independent
Laboratory Program, using the USAEPG Operation as a vehicle.
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Studies thus far have been mainly an effort to learn more about the time
and space variability of atmospheric refractivity in the lower atmosphere in
Arizona, and to determine how this variability relates to the accuracy of target

position error computations.

During November and December of 1963, over 100 radiosonde soundings
were made at several sites in southeastern Arizona in support of an evaluation
test of several airborne aircraft navigation systems. Many of these soundings
were spaced 1 hour apart in time, and some were simultaneous soundings from
different sites 40 to 50 miles apart. Highlights of the detailed analysis of these

data are summarized in the remainder of this report.

The time variability of the gradient in atmospheric refractivity versus
height (N units /1000 feet/hour) is, on the average, three to four times greater
in the first 1000 feet above the surface than it is at higher levels. Figure 1
shows the average variability in N for each 1000-foot level as derived from
the data obtained in November - December - 1963. Note that the average
variability above the first 1000 feet is quite constant at approximately
2 N units/1000/feet/hour (this includes the random instrument error in the

radiosonde measurements).

Considering these variabilities or uncertainties in determining the
refractivity, and considering the geometry of computing target position errors
due to refractive bending of the radar ray, the average uncertainty in the
computation of the position correction and the contribution of each 1000-foot
layer to this uncertainty was computed. The Weisbrod Anderson ray-tracing
technique was programmed for a G-15 Computer and used for these computa-
tions. From this analysis, it becomes evident that the first 1000 feet above
the radar contributes approximately 70 percent of the total uncertainty in the

position correction.
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Assuming that uncertainty in measuring the refractive gradient in the
first 1000 feet can be reduced to the same value as in the upper layers by
making more frequent low-level observations, Figure 2 shows the cumulative
contribution of the layers to the overall uncertainty is eomputing the target

position error produced by atmospheric refraction.
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Figure 1. Time Variability of Figure 2. Cumulative Contribution
Atmospheric Refractive of Atmospheric Layers

Gradient

The chart in Figure 3 carries this analysis further. It provides an
estimate of the reliability of target position error eomputations, based upon the
assumption that the gradient in atmospheric refractivity can be determined to
within # 2N units/1000 feet. This provides a planning guide in estimating the

limits of ranges and altitudes at which a target can be flown and still meet the
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test engineer's requirements for accuracy of position measurements. For
example, if he requires a position accuracy of + 40 feet and is flying the target
at 10, 000 feet, the range should not exceed 60 miles. A report on this investi-

(1]

gation has been published.

As an extension of this preliminary study, several years of radiosonde,
wiresonde, and surface data were gathered for several locations in Southern
Arizona. Detailed objective procedures were then developed for estimating the
type, spacing, and frequency of observations which would be needed to provide
the atmospheric data to the precision required for radar-tracking corrections.
Because of the greater variability in the lowest level, and the need, therefore,
for more precise and more frequent observations in this level, these objective
procedures are based on dividing the atmosphere into two parts: (1) the first
1000 feet above the radar, and (2) the atmosphere above 1000 feet. Several

charts were developed for the meteorological planner.

From the chart shown in Figure 4, the operations planner can divide the
total allowable error in position correction into two parts: (1) that which is
contributed by the first 1000 feet, and (2) that which is contributed by the layers
above 1000 feet.

The upper section of the chart shown in Figure 5 relates the error to the
precision of measurement of refractive gradient in the lower 1000 feet for
various ranges and altitudes of the target. The lower section relates the
precision of refractive gradient measurement to the spacing of observation

sites and frequency of observations.

Similarly, the chart shown in Figure 6 relates position error, refractive
gradient precision, and the spacing and frequency of observations for the layers
of the afmosphere above 1000 feet. Details of the development of these objectives

2]
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Figure 4. Radar Refraction Error

It has been noted, upon examination of tracking radar angle and range
data, that frequent spurious excursions of the target appear to occur, with
the occasional appearance of position displacements of several hundred feet.
It is not known whether or not this is an atmospheric effect. Two field tests,
designed to determine the effect of small-scale, short-lived atmospheric
refraction anomalies on radar tracking performance, have becn started. One
test is essentially a repeat of the White Sands experiment of tracking a fixed
beacon on a mountain, cxcept that position and range data will be recorded at
0.1-second intervals. In the second test, the frequency and size of atmospheric
"angels' within the beam of the tracking radar will bc measured with an X-band
vertical pointing radar operating simultaneously with the tracking radar. The
University of Arizona is providing assistance in obtaining this angel data. The

frequency and intensity of radar angels will be compared with the tracking
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radar position data to determine what, if any, correlation exists between

spurious excursions of the target and the presence of angels.

In summary, the current program in atomspheric refractivity research

at Fort Huachuca consists of:

(1) an analysis of the variability of atmospheric refractivity in the

lower levels.

(2) an attempt to correlate angel activity with Fluctuation in the

radar position measurements; and

(3) the development of objective techniques for planning meteorologi-
cal observations to assure that accuracy requirements for

refractive corrections for radar operation are met.
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REFRACTION CORRECTIONS TO ELECTRICAL RANGE MEASUREMENTS

K. A. Norton*

At the Fifth Joint AFMTC Range Users Data Confcrence, Dr. Charles L.
Carroll, the Maﬁagcr of the PAA Technical Staff, indicated that thc most sig-
nificant refraction problems are:

(1)  the detcrmination of the ultimate limitations imposed hy
nature on electronic tracking systems;

(2) the determination of optimum methods for correcting data
from electronic tracking systems for the effects of tropo-
spheric refraction;

(3) the estimation of the magnitude of residual errors after
using various corrcction procedurcs;

(4) the development of mecthods for forecasting the magnitude
of uncorrectable residuals for specific meteorological
conditions; and

(5) the development of real-time methods of corrccting for the

effects of tropospheric refraction.

This paper will provide answers to most of these problems. It will
describe methods believed preferable to those currently being used, and will
indicate how improved answers can be obtained in the future. The discussion
will be confined to the problem of correcting a measuremecent of the electrical
range Re to a true geomecetrical range RO:

R =R -RA-10°sRe - 10° - (1)
O e e e

*
Central Radio Propagation Laboratory, National Bureau of Standards,
Boulder, Colorado.
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Notc that the eorreetion A and its standard deviation o are expressed

as dimensionless quantitics: parts per million.

We are given an clectrical range measurement antenna near the earth's
surface and a target point somewhere above thc radio horizon of the range
measurement antenna at an apparent elevation angle 00 , and wish to deter-
mine methods of eorreeting the measured electrieal range Re to find the hest
available approximation to the true distance RO between the eenters of
radiation of the range measurement antenna and the target antenna. It is
assumed that the measured electrical range R is free of measurement error.
Note that Re( to) = eét (to), where e is the free space velocity of light, and
ot (to) is the transit time between thc two antennas of a particular erest of the
radio wave whieh leaves the target antenna at the time ( tO—R/v and arrives at
the range measuremecent antenna at the time t0 . The true distanee along the
slightly eurved ray path followed by the radio wave is given by R, and v is
the mean value of the veloeities of the crest averaged along the eurved ray

path R.

By introdueing the ray path R, it is implieitly assumed that ray tracing
and geometrical opties will provide a satisfactory solution to the problem of
estimating Ro from Re. It is known that geometrieal and wave optics
theories yield somewhat different variance estimates for Re in propagation
through a turbulent atmosphere, but these differences oceur at the larger
fluctuation frequencies, and the difference 0(2) (00, Re) between these two
variances certainly represents a negligible component of the residual
varianee of RO after the best available ray-traeing eorrections have been

made to R.

There is no eurrently known wave opties method for estimating RO

2
from Re , and it seems likely that this difference 00 in the varianees of Rc ,

276



determined by geometrical optics and by wave optics, may be a good measure of
the minimum residual variance of Ro( to) which can be achieved by any elec-

trical range measurement system in real time.

It is interesting to note that the residual phase noise* of the MITRE Line
Integral Refractometer is somewhat larger than Oi . Whether or not oi does
prove to be a lower bound to the residual variance of electrical measurements
of the true range Ro(to) in real time, it will provide a convenient reference
value for comparing the residual variances ¢ obtainable by various correc-

tion methods. Thus, we may write
g =k o (2)
o

It is evident that the smaller the value of k2 , the better the prediction method,
and it may turn out that the best possible method will correspond to k=1,
although at present this is conjecture. It is anticipated that the dependence on
00 ; Re and the general turbulence conditions in the atmosphere will be about
the same for both 02 and 0(2) , so that k may be expected to be very nearly

independent of 00 , Re , and the turbulent conditions of the atmosphere.

: 2 3
The refcrence variance o, can be calculated by using Gene Barrows'

1

theory as discussed and illustrated graphically in his summary paper.
will be convenicnt to detcrmine the reference variance os for the hypothetical
case of the propagation between infinitesimally short dipole antcnnas. Although,
none of the graphs in Barrows' paper gives the wave optics spectrum for this
case, the method for calculating oﬁ can be illustrated by means of Figure 1

in Ref. [1] .

*
See Ref. [1] , pp. 1-143 to 1-153 for Barrows' determination of the residual
phase noise; see also pp. 1-107 to 1-III for Norton's discussion.
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Let Wg(f) and Ww(f) denote the expected spectra of the variances of
Re as determined by geometrical and by wave optics, respectively, and ex-

pressed in parts per million squared per hertz. Now

o0

2 S‘ '
o = W ) -w @ df ; 3
al } O - W, @ € ©)
o
With reference to Figure 1 in Ref. [1] , let fo denote the fluctuation frequency
(fofz- 10“2 hertz) at which the solid and dashed curves converge. For f < {o'
Ww(f) & Wg(f): and for f > fo’ Wg(f) is given by the dashed curve. Ww(f)
would be given by the solid curve in Figure 1 for f > fo , except for the fact
that this curve contains antenna filter factors for parabolic antennas with
2

radii a, = ar = 1 meter, whereas o, is defined for propagation between in-

t
finitesimal antennas. For infinitesimal antennas, Ww(f) approaches
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0.5 Wg(f) when f >> fo. Barrows has found that Wg(f) = Ww(f) at the

/ v
fo_U-L 1001-‘{e ’ )

where U i is the effective velocity of the path through the turbulent atmosphere

frequency fo given by

in a direction normal to the path; in the case of a fixed path, i.e., a path be-
tween terminals which have fixed locations, U, is the component of the value

of the wind velocity normal to the path, averaged along the path.

The geometrical optics spectrum Wg(f) of the electrical range between

two infinitesimal antennas may be expressed as follows:

Wg(f) =W (fo)(fo/f)m+1 . f<0.1f ; (5)
Similarly,

W) = w(fo)F(f/fo) , £>0.1f (6)

. . m+1 m+l
where F (f/fo) varies from (fo/f) when f << fo , downto 0.5 (fo/f)
for f>> fo. The parameter m is approximately equal to 5/3. Now

Equation (3) may be expressed in the following manner:

2wty ({6 ™ - x ) ar = u(t ) nmem’ . 0
(o)

o]

H(m) = g{ S F(X)}dX = (2—7;)m/2
(o]

7°T [(m+2)/2]

8(m+1)F2[ (m+1)/2] sin(mm /4)

(8)



The following listing gives H(m) for several values of m:

m H(m)

3/3 0.306414
4/3 0. 186431
5/3 0.120817
6/3 0. 082246
7/3 0. 058714
8/3 0.036145
9/3 0.033467

~

For the; typical example shown on Figure 1, (Ref. [1]), Re= Ro =100
kilometers, v = 1010 Hz, U, = 0.002 kilometers per second, fo =0.011551
Hz, and f0W<fo) ~ 107* (parts per million)z, so that 05 ~12x10°° (parts
per million)” for m = 5/3. Thus cro =~ 0, 003464 parts per million, i.e.,

0. 03464 cm for this 100-kilometer path.

2
For other values of UJ_ , Re and v, the minimum variance cro may be

determined with m = 5/3 from the following:

2 -5/3 , -1/6 -5/6
2 B/ 16 -5/

= Uy s 9

Note that the difference between geometrical and wave optics approaches
zero as v is allowed to increase without limit. The above results are appli-
cable where the target height ht is the sar;e as the height hS of the range
measurement antenna; the way in which o is expected to decrease with

(ht - hs) will be discussed in a later paper.

Using ray-tracing methods and the CRPL Standard Profile Sample, Thayer
and Bean[2] have found the following regression relations involving the '"'surface"
refractivity NS measured at the height hS , expressed in kilometers, above

sea level:
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R -R =a'+b'N_-c'h o' . (10)
e (o] ] ]

The coefficients a', b' , and c¢' are functions of Re and of the height, ht ;

of the target antenna above sea level. If both sides of the above expression are

divided by Re and multiplied by 106 , the following normalized correction

factor, expressed in parts per million, is obtained:

(R, -R,)" 10°
A= R = &, +b_ (N_ - 334.57)- cs(hs - 0.36865) + o . (1

where

- 6
Ay = (@' +b' 334.57 - c' 0.36865) © 10 /Re;
b =b':. 106/R -
8 e’
6
c =c¢'° 10 /R ; and
s e
6
=o'’
o =0 10 /Re.
Figures 1 through 4 show As ; bs . cS , and Us versus (ht - hs) and

(2]

using 84 Cape Kennedy profiles for all of which hs = 0. 008 kilometers:

Thayer and Bean have also given the following regression relation,

a,= &, +b (N_- 357. 83) to . (12)

Figures 5, 6 and 7 show A bk , and 0, versus (ht = hs) and Re.

k’ k
For a 100-kilometer path, Gs < 8.03, so that, as defined by Equation
3 3
(2), k<2.23x10 using Equation (11) and oy <8.93, sothat k<2.58x10

using Equation (12).
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A more approximate correction, An , |similar to (11) or (1 2)] may be de-
rived in order to more clearly define the problem and to determinc the optimum
method for averaging NS before it is used in Equation (11) or (12) in order to
determine A in real time. A simplified model for the refractive index in the
troposphere will be employed. Using the right-handed set of unit vectors i .

j, k, let a point in the troposphere be denoted by T = xi +yj +(z - hs)E

—_
1

where i is chosen so that it is parallel to the wind velocity; i. e., U-i=U

—_—

and k is vertical.

It is assumed that the surface refractivity Ns(;.’ t) depcndson t and x
only as a function of the variable [t - (x/U)] and is independent of y for a fixed
time, t and that N(?, t) varies exponentially from its surface value as a

function of z and the scale length h0 as follows:

N(T, t) = Ns(t - -}‘J—) exp [- (z - hs) /ho} : (13)

Given these assumptions and a fixed time, t, N(;., t) will not vary randomly
with z and will not vary at all with y. Note that these assumptions are con-
sistent with Taylor's hypothesis, but random variations with y and z ata
fixed time could also be consistent with Taylor's hypothesis; however, the sup-
pression of such random variations should not make my analysis substantially
more unrealistic than it already is by virtue of the assumption that Taylor's
hypothesis is applicable; i.e., that Ns depends on x and t only through the
variable [t - (x/U)] .

A refractometer near the surface at the ground-based antcnna of the
ranging systcm at T- 0, [ which location will also be chosen to be the origin
of coordinates at a height hs above sea level,] would be expected to vary as

a function of time in accordance with

N (r =o,t)=N(t) . (14)
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It will be assumed that the frequency spectrum WN (f) of N for any fixed
value of r is the same as its observed spectrum and that, 1ts one dimensional
wave-number spectrum in the direction (i_. cosy + T sin+y) will be given by
WN (kU cos y /2r1), i.e., by identifying the wave-number k with 27 f/Ucos .
If /Zp : !‘n , and Ev denote the characteristic scales of anisotropic turbulence
inthe i, j, and k directions, respectively, then the dependence of N(r, t)
described by Equation (13) would correspond to a finite value for ¢ , but to
infinite values for I'n and !'v . There is some experimental evidence (Bull [3]),
that !'p >£v >£n , but it does not appear that such data appreciably affect the

conclusions reached in the following discussion.

Now consider a path through the troposphere between the antenna at the
origin r = 0 and a target point R =xi ot i (z -k )k Let h be the
height of the target point R above sea level; h will usually be dlfferent from
z, because of the curvature of the earth. The electrlcal range at time t0 at
which the radio waves arrive at the range measurement antenna at r = 0 is

given by the following:'
R

Re(to>s cot (to)= c[t0 - <to - %):I = % & Sn(?, to = %)dr 3 (15)
o

., The integral on the right of Equation (15) is approximate by virtue of the as-
sumption that geometrical optics may be used, but as already shown, any

error arising from this approximation will be of negligible importance.

Equation (15) may be rewritten as follows:

Re(t())g ‘§[1+n- 1] dr =R + g(n- l)dr , (16)
o
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R
[Re<to) . R(;|E (R - Ro) t g(n - Lydr . (17)
0

Note that the distance along the ray path R differs slightly from that of
Ro . It has been shown by Bean and Thayer[4] that for most tropospheric paths
(R - Ro) is less than 27 percent of (Re - Ro> for 00 > 0 degrees; less than
2. 3 percent for 60 > 50 milliradians (2. 86 degrees); and less than 0. 8 percent

for 60 > 100 milliradians (5. 73 degrees).

The present analysis neglects the transit time (r/v) through the tropo-
sphere (since v >> U) and assumes that to - (x/v)= to ; that is, that the time
of arrival of a radio wave at r = 0 is not significantly different from its time
of deparfure from the point ﬁ:)o at which N= 0. This assumption is reason-
able to the extent that the atmosphere does not change appreciably during the
transit time 6t = Roo/c . Since Roo = 1020 kilometers for a ray at a 0-degree
elevation angle (60 = 0) out to the point Roo at a height ht = 70 kilometers,
at which N = 0, we find that the transit time through the troposphere is
6t < 0. 0034 second for any elevation angle. Changes in the atmosphere which
occur during this short interval of time will be negligible in the context of the

present discussion.

6 :
Nowlet N=(n-1): 10 , toobtain

n o R

(R-Ro)-lo6 .
o~ g
At o= R S‘Nr,to)dr. (18)
e e %

The x, y, and (z - hs) components of r may be expressed as
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X=rcosfcosy ; (19)
y=rcos fsiny ; and (20)

(::-hs)srsine. (21)

Substitution of Equation (13) into (18) gives:

oty

dr N_ (to N %) exp[—<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>